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To Professor Arnulf Schlüter on his 60th Birthday 
The "anti-dynamo" theorems for toroidal magnetic fields with axisymmetry and plane sym-

metry are generalized to the case of a compressible, time-dependent flow in a fluid with arbitrary 
conductivity. 

1. Introduction 

'' Anti -dynamo'' theorems (see for instance [ 1 — 5]) 
state that self-sustained dynamo action in an elec-
trically conducting fluid is impossible if both the 
electromagnetic field and the fluid velocity possess 
certain symmetries. For the case of axisymmetry 
and plane symmetry it has been shown in [5, 6] that 
the externally visible poloidal part of the field de-
creases monotonically in time, even if the flow is 
compressible and time-dependent. Here, we con-
struct a Liapunov function which shows that the 
toroidal field cannot grow in time. This, together 
with the results in [5, 6], refutes speculations in the 
recent literature [7] that the axisymmetric electro-
magnetic field might possibly grow if the flow is 
both compressible and time-dependent. 

2. Plane Symmetry 

Using Cartesian coordinates and the notation of 
[6], we introduce poloidal and toroidal functions g 
and h by 

Bx = (ty/ey), By=- (dg/dx), Bz = h. 

In [6] it was shown that the poloidal function g 
decays. If there is no poloidal field, the toroidal 
function h has to satisfy 

6Ä 
( 1 ) dx \ ^ h ~ V x h 

8 / 8 
+ ~dy\rityh~Vyh} i n ( ? X ( 0 ' ° o ) 
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with the initial-boundary conditions 

h{x,t) = 0 for xedG 
and all t > 0 , 

h(x, 0) = ho{x), x = (x, y)eG. 

(2a) 
(2b) 

The impossibility of dynamo action now follows 
from: 

Theorem 1: Let ö c M 2 be a bounded simply 
connected domain. Let the boundary dG be C1+a-
smooth. Furthermore, we assume that ri/, vx, vy, and 
h0 have Holder continuous derivatives in Gx [0 oo) 
with r\(x, o > 0 , and on dG v • n = 0, n being 
the outer normal at dG. Then if h is a solution of 
(1) and (2), 

<|A|> := \\h(x,y,t)\<Lx<ly^H(t), (3) 
G 

and H(t) decays for all times. 
Note that the r.h.s. of (1) contains the term 

h div v. div v 4= 0 means compressibility of the 
fluid and div v always changes sign in G because 
of <div v> = 0. Thus neither the maximum prin-
ciples of [8] nor the known theorems on the asymp-
totic decay of solutions (see [9] p. 158) are appli-
cable. Also, the approach of [10] for compressible 
time-independent flow cannot easily be generalized to 
this case. However, our proof of Theorem 1 is closely 
related to the method used by Braginskii [2] (com-
pare Section 3). 

Proof: We use the following abbreviations: 
d j v r . = d i v v = ± v x + ± v y , 

Lu : = dj(r] djii — Vju). 

The idea of the proof is as follows: We show that 
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there are functions / > 0 and w such that 
<|Ä|>2 ^ < / > < / ^ 2 > , < / > = l 

and </w2> decaying in time. 
Let / be the solution of 

j = Lf in ÖXR+, (4a) 
ö//8n(*,0 = O for xedG, t> 0, (4b) 
/(*,0) = 1/<1> for xeG. (4c) 

Our smoothness assumptions are such that the 
existence of / follows from [9] p. 147. By elementary 
methods and maximum principle techniques ([8], 
Theorem 7, p. 174f), it can be shown that / (x, t) > 0 
in G x [0, T] for any T > 0, and that / grows or 
decays at most exponentially, the rate depending 
on the bound for | div v \. Thus / > 0 exists for 
all times and the function w defined by w(x, t) = 
h(x, t)/f(x, t) in G X IR+ also exists. 

We now show that 
d/dt(fw2y = - <2^/|VM;|2> ^ 0 . (5) 

For every fixed time i > 0 we get by partial inte-
gration 
<wLh) = <wdj(rj djfw — Vjfw)> 

= — ((djw) \j] f djW -f rj w djf — V] / w]> 

= -<r)f\Vw\zy-((d}~\(V<)]f-v}f) 

WI 

Lf (6) 

In these equalities, we skipped terms that can be 
written as an integral over 8 Cr and vanish because 
h = fw and ö//öw vanish for x e dG. We also get 

(why = (w(jw + w /)) 
W2 \ • / • w2\ 

+ (f~7T>• (7) 

Together with (1), (2), and (4), the subtraction of 
(7) from (6) now yields (5). We apply the Schwarz 
inequality and get 

<|A|)2 = < / | M , | > 2 = < / 1 / 2 . / 1 / 2 | w ; | > 2 

^<fy-<fw2y. 
According to (5), the Liapunov function H2(t): = 
(fw2y decays in time. The proof is thus completed 
after we have shown that </> does not grow in 
time. This follows immediately from (4a), (4b): 

= J (rj ö//öw - / v • n) dr = 0 , 
ÖG 

and this means </> = const. From the initial con-
dition (4 c) now follows </> = 1. 

3. Ax isymmetry 

The possibility of an axisymmetric dynamo in a 
3-dimensional, axisymmetric domain G with smooth 
boundary dG is considered. We introduce cylindrical 
coordinates r, cp, z and use the same notations as in 
[6]. The magnetic field B is then given by 

1 dy, 
"T — r cz 

1 dip 
By = q, Bz = — . 

r or 

It is assumed to be a differentiable, axisymmetric 
vector field. If there is no poloidal field (ip = 0), the 
toroidal part q of the field must satisfy 

dq 3 w 8 3 3 
Ht 

3 rj 8 
dr r dr ^ dz ^ dz ^ 

(8a) 

q(r,z,t) = 0 on 3G for all (8b) 
q(r,z,0) = q0{r,z) (8c) 

with a qo such that (8b) and (8d) below are satisfied 
for* = 0. 
Condition (8 c) excludes artificial singularities caused 
by improper initial values. Moreover, the current 
density must always stay finite in G. This means 
that B<plr must be bounded and thus follows from 
the requirement that B be differentiable in G. This 
leads to the condition 

I q(r, z,t) I ^ c < 00 for all < ^ 0 , (8d) lim 
r-*0 ' 

in the case that G contains the axis r = 0. We intro-
duce the function p:= q\r and require that it be 
a classical solution of the reformulated Eqs. (8a—c): 

p = div[r]lr2Vr2p — pv], (9a) 
p{r, z, t) = 0 on 8G for all t ^ 0, (9b) 
p (r, z, 0) = po (r, z) with a po that vanishes 

on3G. (9c) 
Here div« = (1/r) 3rrur + dzuz denotes the 3-di-
mensional divergence of the axisymmetric vector 
fiield u. We now have the following theorem: 

Theorem 2: Let G be a bounded, axisymmetric 
domain in IR3, topologically equivalent to a ball or 
a torus. Let its boundary 36r be smooth (C1+a). 
Furthermore, let us assume that rj, v and qo have 
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continuous second derivatives in S x R + , rj(r, z, t) the singularity of the coefficients in (9a) requires 
^ r]o > 0 and on dG v • n = 0, n being the outer some special care. We thus perform here the proof 
normal at dG. Then if p is a solution of (9), 

<| p |>G 2 ji J | p(r, z, t) | rdrdz ^ P(t) 
G 

and P(t) decays for all times. 

Remark 1. The assumptions of Theorem 2 have 
been chosen for our convenience and could certainly 
be relaxed in several respects. 

Remark 2. The existence of the second derivatives 
_ . drrj{r,z,t) vr{r,z,t) 

of v and ri ensures that and — — ' r r 
stay bounded in the limit r -> 0. 

for this case, the other one being similar, but easier. 
For any given e > 0 we define 

GB :— {(r, z)eG:r > e} with boundary dGe. 

Put p — fw, where / is the solution of 

/ = div Vr2 f — fv J in G, 

dn(r2f) = 0 on dGxU+, 

f(r, 2,0) = /o(r, z)> 0 , 

(10a) 

(10b) 
(10c) 

and /o (r, z) is a two times differentiate function 
in G satisfying dn(rfo) — 0 on dG. We shall show 

Proof: The idea of the proof is the same as for later that / ^ 0 in G x !R+. By partial integration we 
Theorem 1. If G contains the axis r = 0, however, get 

<w(fw + wf)}Ge = ( f 
V T A + ( T ' > 
/ 

Gs HGe 

7] 
w — (w dnr2 f + r2 fdnw) — w2fvn r<2 D2S 

- ( (VIO) (wVr2/ + r2fWw) — fwv 

V 2nr\w— (— w drr2 f — r2f drw) -f w2f vr d z 

- ( V 
rj 

^^r2f-fv\)-(rjf\^w\2) 

rj 
2nr\ w2 —— drr2 f + wrjf drw — w2fvr d 2 

Wl ( Yj 
~ I 9 f ~ fvn) d2S 

öff. 

w* 
div I — Vr2 f — fv <Vf |VW|2> 

= " J 7i r w 
rj 

fdrr2 dz +O(e)+ ("*-}) -<rjf\Vw\2}Gt 
r=e \ * / Ge 

/ W2 

= - J [2 71 w2 n f]r=e dz - <V f I 1 2 > C e + 0 (e) + — / 

In the limit e - » 0, this gives 
( f ^ r ) = ~<Vf\Vw\2>G- $[27iw2r]f]r=odz^O, 
\ 2 / G 

(11) 
KG) 

where / (G) denotes the z-interval given by the inter- we made use of Remark 2. In a very similar way 
section of G with the axis r = 0. In the computations we also get 
leading to (11), it was concluded that 

V J eG.nSG 
w (wdnr2f + r2fdnw) — w2fvn d2$ = 0 

= — J* [4 7r ?7 /]r=o dz fS 0, 
KG) 

(12) 

from 8mr2/ = 0 and fw = p = 0 on dG. In the com-
putations of 

J [ , . .]d2S 
eG£n6G 

but this time we need v • n = 0 on dG. From the 
Cauchy-Schwarz inequality it follows that 

<M>2 = <ff-ffM>2 

^</></u>2>=:P2(<), 
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and P(t) decreases in time. The proof of Theorem 2 
is thus completed once it has been shown that 
f{r,z,t) in GxU+. 

Remark 3: If rj = const and div t> = 0, / (r, z, t) = 1 
satisfies (10a) and </>• = 0. It also allows (11) to be 
deduced and is thus a possible choice for solenoidal 
flows. In this case, our proof reduces to the one 
given by Braginskii [2]. We note, however, that the 
term corresponding to the contribution of the sur-
face integral in (11) is missing in (2.9b) of [2]. 

It is now shown that f(r, z, t) ^ 0 in G x R+. 
Following [1], we reformulate (10) in the axisym-
metric domain G5 c [R5, using the relations 

r = ]/xi xi = yx 12 + 

and 
J(x 1, ...,Xi, Z, t) = ftyxi Xi, z, t) , 

i = 1,...,4: 

J= r]A5J— uvdvf+aj in G5, 
v = l , . . . , 5; 

dn{xi%ij) = 0 on dG5xU+, 

J(xi, ...,x4, z, 0) = fo{\/xiXi, z), 

(13a) 
(13b) 

(13c) 

As will be shown in the Appendix, (13 a) is a uni-
formly parabolic equation with bounded coefficients. 
We chose X such that a(^xi Xi, z, t) — 0 and ap-
ply the maximum principle Theorem 7 of [8, p. 174f] 
to g = — e~M / . It then follows that g (Jfxixi, z,t)< 0 
in G5 X [0, T] for any T > 0, and thus 

i(]/xixi,z, 0 ^ 0 in GxU+. 

Appendix 
In [1], an argument simplified considerably be-

cause Backus/Chandrasekhar embedded their 3-di-
mensional axisymmetric problem into the (phys-
ically meaningless) [R5. They assumed 

r — ]/xi2 + • • • + X42 

and thus got 

r2A$f = A*r2f. 

Here / = /(r, z) is an axisymmetric function, A5 is 
the Laplacian in [R5, and 

A*- = drr 6r- + dZZ'. 
r 

For verification of (Al), and also for the computa-
tions given below, it is useful to know the following 
formula in [Rw, n^ 2 : 

An] = fr 
n — 2 

fr + fzz, r= ]/xi Xi, 

i — 1, ...,n — 1 (A2) 

We now show how (10) can be transformed into (13). 
We rewrite (10 a) as 

1 V / = — 8r ^ — drr2f — rfvrJ + dzrj 82/ — dz/vz 

1 

= - (2 rj drf + 2 / drrj + rj 0r/ + r drrj 8r/ 

— drfrvr) + dzrj dzf — dzfvz 
= rj Ö r r / + 8 Z Z / + - ör/ 

— (vr — dry) drf — (vz — dzrj) dzf 
12 1 \ 

+ I — Öri? drr vr — dzvz f . 

With 
r = -\/xiXi, i = 1,...,4, J(x1} . . . , « 4 , 2) 

= f{]/xiXi,z) 
0/ Xi 

= drf, o Xi r 

(Al) 

Eq. (A2) and 
xut (xx,..., x4, z) := (Xi\r) (vr — drrj)> 

i = 1, ...,4, 
u5{x 1, z) := vz — dzrj, 

2 1 
a (xi,..., x\, z): = — drri drr vr — dzvz r r 

we now get 

/= r)A5J— uvdvf+ a], r = l , . . . , 5 , 

and this is (13a). The boundedness of a and uv 

follows from our smoothness assumptions and Re-
mark 2. 
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